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Abstract
This article deals with a conjecture, introduced in [GQ] (hereinafter SFLT2),
which generalizes the second case of Fermat’s Last Theorem: Let p > 3 be a prime.
The diophantine equation u
p+vp
u+v = w
p
1 with u, v, u + v,w1 ∈ Z\{0}, u, v coprime and
v ≡ 0 mod p has no solution. Let ζ be a pth primitive root of unity and K := Q(ζ).
A prime q is said p-principal if the class of any prime ideal qK of K over q is a p-power
of a class.
Assume that SFLT2 fails for (p, u, v). Let q be any odd prime coprime with puv,
f the order of q mod p, n the order of vu mod q, ξ a primitive nth root of unity, q
the prime ideal (q, uξ − v) of Q(ξ). In this complement of the article [GQ] revisiting
some works of Vandiver, we prove that, if q is p-principal and n 6= 2p then
(1 + ξζk
1 + ξζ
)(qf−1)/p
≡ 1 mod q for k = 1, . . . , p− 1.
1
We shall derive , by example, of this congruence that, for p sufficiently large, a very
large number of primes should divide v. In an other hand we shall show that if q is
any prime of order f mod p dividing (up + vp) then
(1− ζ)(qf−1)/p ≡ p−(qf−1)/p mod q,
and a result of same nature if q divides up − vp, which reinforces strongly the first
and second theorem of Furtwa¨ngler. The principle of proof relies on the p-Hilbert
class field theory.
Keywords: Fermat’s Last Theorem; cyclotomic fields; cyclotomic units; class field the-
ory; Vandiver’s and Furtwa¨ngler’s theorems
MSC classification codes: 11D41; 11R18; 11R37
1 Introduction
Let p > 3 be a prime, ζ := e
2πi
p , K := Q(ζ) the pth cyclotomic number field, ZK the ring of
integers of K, and p = (1− ζ)ZK the prime ideal of ZK over p. In [Gr2, Conj. 1.5], G. Gras
has given a conjecture which implies Fermat’s Last Theorem (FLT): we recall here this
conjecture which will be called Strong Fermat’s Last Theorem conjecture , denoted briefly
SFLT .
Conjecture 1. Let p be an odd prime, set K = Q(ζ) and p = (ζ − 1) Z[ζ ]. Then the
equation
(u+ v ζ) Z[ζ ] = pδ wp1
in coprime integers u, v, where δ is any integer ≥ 0 and w1 is any integral ideal of K, has
no solution for p > 3 except the trivial ones for which u + v ζ = ±1, ±ζ, ±(1 + ζ), or
±(1− ζ).
The cases uv(u + v) 6≡ 0 mod p, uv ≡ 0 mod p, and u + v ≡ 0 mod p are called
respectively the first, second, and special case of SFLT .
From some works of Furtwa¨ngler and Vandiver, Gras and I [GQ] have put the basis for
a new cyclotomic approach to Fermat’s Last Theorem by introducing some auxiliary fields
of the form Q(µq−1) with prime q 6= p in study of SFLT equation.
In this article, we examine some particularities of the second case of SFLT (hereinafter
SFLT2). Without loss of generality, we choose the following formulation of SFLT2 in all
the sequel:
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Let p > 3 be a prime. The diophantine equation u
p+vp
u+v
= wp1 with u, v, u+v, w1 ∈ Z\{0},
u, v coprime and v ≡ 0 mod p has no solution.
Observe that we assume p > 3 because, for p = 3, the diophantine equation u
3+v3
u+v
= w31
has infinitely many solutions (u, v) where
(u, v) = (s3 + t3 − 3st2, 3s2t− 3st2) = (s+ tj)3,
where s, t spans all s, t ∈ Z, s+ t ≡ 0 mod 3, gcd(s, t) = 1 (see [GQ] remark 2.6).
Thus it is always assumed in the sequel, without further mention, that p > 3 and p|v.
Observe that SFLT2 implies the second case FLT2 of FLT .
In the first subsection, we will fix some general notations, conventions, definitions, and
in the second subsection p. 4, we will state the main results of the article.
1.1 General notations and definitions
Notations 1.
- Let g := Gal(K/Q), for k 6≡ 0 mod p and sk : ζ → ζk the p− 1 distinct elements of g.
- Let CℓK , Cℓ and Cℓ[p] be respectively the class group of K, the p-class group of K
and the p-elementary class group of K. For any ideal a of K, let us note cℓK(a) and cℓ(a)
the class of a in CℓK and Cℓ.
- For any integer m > 0, let Φm(X) be the mth cyclotomic polynomial and φ(m) the
Euler indicator. For a, b ∈ Z\{0}, let us define Φm(a, b) := bφ(m)Φm
(
a
b
)
. Clearly Φm(a, b) ∈
Z[a, b].
Definition 1. A number α ∈ K× prime to p, such that αZK is the pth power of an ideal,
is called a pseudo-unit. The pseudo-unit α is p-primary (i.e. the extension K( p
√
α)/K is
unramified at p) if and only if α is congruent to a p-power mod pp, see [Gr2] lem 2.1.
Definition 2. A prime q is said p-principal if the class cℓK(qK) ∈ CℓK of any prime ideal
qK of ZK above q is the pth power of a class, which is equivalent to qK = a
p(α), for an
ideal a of K and an α ∈ K×. This contains the case where the class cℓK(qK) is of order
coprime with p. 1
We assume that SFLT2 fails for (p, u, v); then γ := u+ vζ ∈ ZK is a p-primary pseudo-
unit of ZK since γ ≡ u mod p (a generalization of a result of Kummer given again in [Gr2],
Theo. 2.2).
1 Usually q is said p-principal if the class cℓK(qK) is of order coprime with p. We have adopted this
generalization of the definition because we are interested in this article to some p-power residue symbols(
η
qK
)
K
for η a p-primary unit of K. Class field theory implies that
(
η
qK
)
K
= 1 even with this generalization.
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Notations 2. Let q be a prime number dividing Φn(u, v) with q 6 | n and n = dpr where d
is prime to p and r ≥ 0, which implies that q 6 | uv and v
u
is of order n mod q (see [GQ],
Lem 2.11). We have
Φd pr(u, v) :=
∏
(uψi ζjr − v) for all i ∈ (Z/dZ)× and j ∈ (Z/prZ)×,
where ψ := e
2πi
d and ζr := e
2πi
pr (observe that the two previous definitions ζ := e
2πi
p and
ζr := e
2πi
pr imply that ζ1 = ζ).
Let us fix the root of unity ξ := ψ ζr. Let L := Q(ξ) and M = LK = Q(ξ, ζ). Put
q = (q, u ξ− v) where q is a prime ideal of L over q because we have assumed q 6 | n. 2 We
denote by Q any prime ideal of M over q and by qK the prime ideal of K under Q.
(i) If r = 0 then L = Q(ψ) and M is of degree p− 1 over L.
(ii) If r ≥ 1 then M = L and Q = q.
Let us recall the definition of the pth power residue symbols in K and M with values
in µp (see [GQ] definition 2.13).
Definition 3. If α ∈ M is prime to Q | q in M , then let α¯ be the image of α in the
residue field ZM/Q ≃ Fqf ; since ζ ∈ ZM , the image ζ¯ of ζ is of order p (since ζ 6≡ 1
mod Q) and we can put α¯κ = ζ¯ µ, κ = q
f
−1
p
, µ ∈ Z/pZ, which defines the pth power residue
symbol
(
α
Q
)
M
:= ζµ; this symbol is equal to 1 if and only if α is a local pth power at Q (see
[Gr1, I.3.2.1, Ex. 1]).
With this definition, for any automorphism τ ∈ Gal(M/Q) one obtains, from ακ ≡ ζ µ
mod Q, τακ ≡ τζµ mod τQ, thus τ( α
Q
)
M
=
(
τα
τQ
)
M
= τζµ.
If α ∈ K, since qK | q in K splits totally in M/K, we have ZK/qK ≃ ZM/Q and
(
α
qK
)
K
=(
α
Q
)
M
for any Q | qK. In particular this implies
(
ζ
qK
)
K
= ζκ (the symbol of ζ does not depend
on the choice of qK | q).
1.2 The main results
In the classical approach, the most part of the results on FLT for the exponent p are
obtained by localization at p (Kummer, Mirimanoff, Wieferich, Vandiver and others) or
by some properties of the p-class group of K (Eichler). There are less investigations with
2Observe that the prime ideal q is fixed unambiguously by this choice of ξ.
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localizations at primes q 6= p (Sophie Germain, Vandiver, Wendt, Furtwa¨ngler, Krasner,
De´nes and others).
Revisiting some ideas of Vandiver for FLT in [Va1, Va2] involving a systematic use of
the pth power residue symbols
(
a
Q
)
M
for a ∈ M coprime with Q (see definition 3), this
article is a complement to the article [GQ] for localizations at primes q 6= p.
The main results of this article are : Assume that SFLT2 fails for (p, u, v). Let q be
any odd prime coprime with puv, f the order of q mod p, n the order of v
u
mod q, ξ a
primitive nth root of unity, q the prime ideal (q, uξ − v) of Q(ξ).
1. if q is p-principal and n 6= 2p we prove (theorem 2.3) that
(1 + ξζk
1 + ξζ
)(qf−1)/p
≡ 1 mod q for k = 1, . . . , p− 1.
We shall derive, by example, of this congruence that:
- With a probabilistic estimate, more than half the primes r < pp/5 of even degree
mod p should divide v (remark 3).
- If q of order f mod p divides (up + vp) then (1 − ζ)(qf−1)/p ≡ p−(qf−1)/p mod q,
(corollary 2.7 and 2.9).
- If q of order f mod p divides (up − vp) then (1 − ζ)(qf−1)/p ≡ 1 mod q, (corollary
2.7 and 2.8). These two last results reinforce strongly the first and second theorem
of Furtwa¨ngler.
2. If u + ζv 6∈ K×p, then p is irregular and there exists an effective constant C(p),
depending only on p and smaller than Minkowski Bound, such that there exists at
least one prime q < C(p) satisfying q not dividing uv, q non p-principal and
(ζ−km(1 + ξζk)
ζ−1(1 + ξζ)
) qf−1
p ≡ 1 mod q for k = 1, . . . , p− 2,
for a certain integer m 6≡ 0 mod p and depending on q (theorem 2.13).
The principle of proofs of the article relies mainly on the p-Hilbert class field theory. Let
us mention that, in this complement, we limited ourselves to the second case of SFLT
and principally to p-principal prime q. By opposite, we took also in account the case
where p divides the order n of v
u
mod q, not examined in [GQ]. See also [Qu2] for some
improvements of these results in the second case FLT2 of Fermat’s Last Theorem.
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2 The main theorem
At first, we give a definition and an elementary lemma independent of SFLT .
Definition 4. Let n = dpr, with d, p coprime and r ≥ 0. Let ξ be a fixed primitive nth
root of unity ξ = ψζr where ψ := e
2πi
d and ζr := e
2πi
pr .
For all 0 ≤ k < p− 1, let us define 3
εk := 1 + ξζ
k.4
Lemma 2.1.
a) If k = 0, ε0 = 1 + ξ is a cyclotomic unit of L except if d = 1 (ε0 = 2) or d = 2
(ε0 = 0).
b) Suppose that 0 < k < p− 1.
(i) If d > 2 then εk = 1 + ξζ
k is a cyclotomic unit.
(ii) If d = 2 then εk is not a cyclotomic unit and
– If r ≥ 1 then εk = 1 − ζ1+kpr−1r ∈ Z[ζr] with εkZ[ζr] = pr where pr is the prime
ideal of Z[ζr] above p.
– If r = 0 then εk = 1− ζk with εkZK = p.
(iii) If d = 1 then εk is a cyclotomic unit and
– If r ≥ 1 then εk = 1 + ζ1+kpr−1r .
– If r = 0 then εk = 1 + ζ
k.
Proof. Left to the reader.
The following lemma using Hilbert class field theory for K plays a central role in the
article.
Lemma 2.2. Suppose that SFLT2 fails for (p, u, v). Let q 6 | puv be a p-principal prime,
n the order of v
u
mod q, ξ := e
2πi
n and q the prime ideal (uξ − v, q) of ZL. Then
(1 + ξζk
Q
)
M
=
( u
qK
)
−1
K
for all k = 1, . . . , p− 2 and all Q|q with qK under Q.5
3The reason why k = p− 1 is discarded will be explained in remark 1 after the lemma 2.2.
4εk is used with this meaning in the sequel of the article.
5Observe that
(
u
qK
)
K
does not depend on k and recall that Q = q if r > 0.
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Proof. Let us choose one Q over q with qK under Q and observe what happens when k
varies thorough 1, . . . , p− 1:
- We have uξ − v ≡ 0 mod q, so uξ − v ≡ 0 mod Q, hence with γ := u + ζv, we get
sk(γ) = u+ ζ
kv ≡ u(1 + ξζk) ≡ uεk mod Q for k = 1, . . . , p− 1.
- We obtain
(sk(γ)
Q
)
M
=
(
u
Q
)
M
(
εk
Q
)
M
, so
( sk(γ)
qK
)
K
=
(
u
qK
)
K
(
εk
Q
)
M
.
- The numbers sk(γ) are p-primary pseudo-units, which implies
(
sk(γ)
qK
)
K
= 1 for all k 6≡ 0
mod p from the decomposition of primes in Hilbert class fields because, by assumption, q
is p-principal.
- We can reiterate the same reasoning for all Q over q.
Remark 1. We explain why we can discard the value k = p − 1 of the index k. The
value k = p − 1 is excluded because εk would be null if and only if d = 2, r = 1 and
k = p− 1. This particular case shall be directly examined in the corollary 2.9. For all the
other (d, r, k), 1 ≤ k ≤ p−1 with εk 6= 0, we show now that it is always possible to express(
1+ξζp−1
Q
)
M
in function of
(
1+ξζk
Q
)
M
, k = 1, . . . , p− 2: we start from
u(1 + ξζj) ≡ sj(γ) mod q, for j = 1, . . . , p− 1,
where 1 + ξζj is always nonzero, therefore
up−1
p−1∏
j=1
(1 + ξζj) ≡ NK/Q(γ) = wp1 mod q,
so (up−1(1 + ξζ) . . . (1 + ξζp−2)(1 + ξζp−1)
Q
)
M
= 1 for all Q|q
so, from lemma 2.2 applied for all 1 ≤ k ≤ p− 2 we get
(
u(1+ξζp−1)
Q
)
M
= 1, and thus
(1 + ξζp−1
Q
)
M
=
(1 + ξζk
Q
)
M
, for all k = 1, . . . , p− 2.
2.1 The general case
Our main results on SFLT2 are a direct consequence of the lemma 2.2 dealing with the de-
composition of Q in a certain Kummer p-extension defined from the Vandiver’s cyclotomic
units. They will follow from:
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Theorem 2.3. Assume that SFLT2 fails for (p, u, v). Let q 6 | puv be a p-principal prime,
n the order of v
u
mod q, ξ := e
2πi
n and M := Q(ξ, ζ). For all 0 ≤ k < p−1, let εk := 1+ξζk
and q be the prime ideal (q, u ξ − v) of Z[ξ] over q.
Then all the prime ideals Q of Z[ξ, ζ ] over q split totally 6 in the Kummer extension
M
(
p
√
< εkε
−1
1 >k=1,...,p−2
)/
M.
Proof. It is a reformulation of the previous lemma 2.2 where
(
εk
Q
)
M
=
(
ε1
Q
)
M
, for k =
1, . . . , p− 2.
Corollary 2.4. Assume that SFLT2 fails for (p, u, v). Let q 6 | puv be a p-principal prime,
n the order of v
u
mod q, ξ := e
2πi
n and q be the prime ideal (q, u ξ − v) of Z[ξ] over q.
If n 6= 2p then
(1)
(1 + ξζk
1 + ξζ
) qf−1
p ≡ 1 mod q for all k = 1, . . . , p− 1.
Proof.
1. If p | n then we have q = Q and, from theorem 2.3, we get for the pair (qK ,Q) with
qK under Q
(1 + ξζk
1 + ξζ
) qf−1
p ≡ 1 mod q for all k = 1, . . . , p− 1.7
2. If p 6 | n then for all k = 1, . . . , p− 1, we have
(1 + ξζk
1 + ξζ
) qf−1
p ≡ 1 mod Q for all Q | q,
because for each triple (qK , q,Q) withQ over q and qK underQ we have
(
u
qK
)
K
(
1+ξζk
Q
)
M
=(
u
qK
)
K
(
1+ξζ
Q
)
M
= 1.
Remark 2.
6Recall that Q = q if p | n.
7In fact, we can consider all k = 1, . . . , p− 1 and not only k = 1, . . . , p− 2 from remark 1 except in the
case where n = 2p which is examined directly in corollary 2.9.
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1. The relation (1) is equivalent to : for all prime ideals Q ofM = Q(ξ, ζ) over q then Q
splits totally in the p-Kummer extension M
(
p
√
< (1 + ξζk)/(1 + ξζ) >k=1,...,p−2
)/
M.
2. Observe that lemma 2.2 implies similarly that:
(a) if
(
u
qK
)
K
= 1 then all the prime ideals Q of Z[ξ, ζ ] dividing q split totally in the
Kummer extension M
(
p
√
< (1 + ξζk >k=1,...,p−2
)/
M.
(b) if
(
u
qK
)
K
6= 1 then all the prime ideals Q of Z[ξ, ζ ] dividing q are inert in the
Kummer extension M
(
p
√
< (1 + ξζk >k=1,...,p−2
)/
M.
Corollary 2.5. Assume that Vandiver conjecture holds for p and that SFLT2 fails for
(p, u, v). Let q 6= p be a prime whose order f mod p is even and such that p does not
divide q
f
−1
p
. Let n be the order of v
u
mod q, ξ := e
2πi
n and q be the prime ideal (q, u ξ − v)
of Z[ξ] over q. If n 6= 2p then, either
(2)
(1 + ξζk
1 + ξζ
) qf−1
p ≡ 1 mod q for all k = 1, . . . , p− 1,
or q divides v.
Proof. From the first theorem of Furtwa¨ngler for SFLT, see [GQ] cor 2.15 (i) and the
assumption q
f
−1
p
6≡ 0, we derive that q does not divide u. The order of q mod p is even, so(
u
qK
)
K
= 1 and qK is p-principal because Vandiver’s conjecture holds for p. Then we apply
corollary 2.4.
Remark 3.
1. If SFLT2 fails for (p, u, v) with p|v and if the p-principal prime q < p, the probability
is very small, for the ideal q of L over q, to split totally in the Kummer extension
M
(
p
√
< εkε
−1
1 >k=1,...,p−1
)/
M : let pδ be the degree of this Kummer extension; the
probability estimate that q split totally in this extension satisfies
P ≤ φ(n)
pδ
≤ φ(q − 1)
pδ
).
2. As a consequence, if SFLT2 failed for (p, u, v) with p|v sufficiently large, these proba-
bility estimates suggest that the integer |v| should be a very large integer with a very
large number of p-principal primes q|v with κ 6≡ 0 mod p. As an example, apply
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cor. 2.5 for p = 491. Assume that SFLT2 fails for p = 491. The primes q < p
of even degree mod p with κ 6≡ 0 mod p are : 2, 7, 19, 23, 29, 47, 53, 59, 67, 73, 89,
103, 109, 113, 137, 149, 151, 157, 167, 173, 191, 193, 193, 211, 251, 271, 281, 283, 307, 311,
313, 317, 337, 347, 353, 359, 367, 373, 383, 397, 421, 431, 433, 439, 443, 439, 479, 487. For
these primes, we have P < 1
pδ−1
is very small.
We see that there is a large number of primes dividing v, a fortiori if we consider
all such primes of even order mod p for q < pν with for instance ν < δ − 2. It is
reasonable to think that for p sufficiently large we have δ < p
4
, so we can take ν < p
5
to assert that more than half of all the primes q < p
p
5 of even order mod p should
not satisfy (2) and so should divide v. We have not found in the FLT literature that
xp + yp + zp = 0 with p|y should imply that y must have a so very large number of
small prime factors. This observation could bring some tools for another diophantine
tackling of SFLT2 and FLT2, for instance in the spirit of Thue, see Ribenboim
[Rib1] (3B) p. 233 or Baker’s linear form of logarithm or others. It is possible to
formulate a corollary with an assumption independent of the values (u, v) of any
possible counter-example which should imply that SFLT2 holds for p:
Corollary 2.6. Let p > 3 be a prime. Assume that there exist infinitely many primes
q such that, for ξq−1 := e
2πi
q−1 and L := Q(ξq−1), there is no prime ideal q of L such
that (1 + ξq−1ζk
1 + ξq−1ζ
) qf−1
p ≡ 1 mod q for all k = 1, . . . , p− 1.
Then SFLT2 holds for p.
Proof. Suppose that SFLT2 fails for (p, u, v). There are infinitely many q, so there
is at least one q such that uv 6≡ 0 mod q. Let n := q − 1, then un − vn ≡ 0
mod q. Let ξ := e
2πi
n and L = Q(ξ). There exists a prime ideal q of ZL such that
uξq−1 − v ≡ 0 mod q. Then, by corollary 2.5, we should have
(
1+ξq−1ζk
1+ξq−1ζ
) qf−1
p ≡ 1
mod q for all k = 1, . . . , p− 2, contradicting the assumptions made on q.
The existence of an infinity of primes q satisfying assumptions of corollary 2.6 is an
open question because φ(q−1)
pp−1
→∞ when q →∞.
2.2 The case n ∈ {p, 1, 2p, 2}
In this subsection, we suppose that SFLT2 fails for (p, u, v) and we apply the lemma 2.2
in fixing n ∈ {p, 1, 2p, 2} to derive some strong properties of all the p-principal primes q
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dividing Φn(u, v) for these values of n. Observe that we have M = K in all these cases.
2.2.1 The two cases n = p and n = 1.
The reunion of these two cases allows us to investigate the properties of all the p-principal
primes q dividing up − vp.
Corollary 2.7. Case n = p: suppose that SFLT2 fails for (p, u, v). If q is a p-principal
prime dividing u
p
−vp
u−v
then
q ≡ 1 mod p2 and (1 + ζ)(q−1)/p ≡ u(q−1)/p ≡ v(q−1)/p ≡ 2(q−1)/p ≡ 1 mod q.
Proof. Here ξ = ζ , uζ − v ≡ 0 mod q, εk = 1 + ζk+1, M = L = K and q = Q = qK , so(
1+ζk+1
qK
)
K
=
(
u
qK
)
−1
K
for all k = 1, . . . , p − 2 from lemma 2.2. It follows that (1+ζ2
qK
)
K
=(
1+ζ−2
qK
)
K
, which implies that
(
ζ
qK
)
K
= 1, thus q ≡ 1 mod p2, observing that q ≡ 1 mod p.
From
(
ζ
qK
)
K
= 1, we get
(
1+ζ
qK
)
K
=
(
1+ζp−1
qK
)
K
, so
(
1+ζj
qK
)
K
=
(
u
qK
)
−1
K
, for all j = 1, . . . , p−1.
Thus
(
1+ζ
qK
)
K
= . . . =
(
1+ζp−1
qK
)
K
. Therefore
(N
K/Q(1+ζ)
qK
)
=
(
u−1
qK
)p−1
K
= 1, so
(
u
qK
)
K
=(
v
qK
)
K
= 1, and gathering these results we get
(1 + ζ
qK
)
K
= . . . =
(1 + ζp−1
qK
)
K
=
( u
qK
)
K
=
( v
qK
)
K
= 1.
From uζ − v ≡ 0 mod qK , we have wp1 = u
p+vp
u+v
≡ 2up
u(1+ζ)
mod qK , so
(
2
qK
)
K
= 1, and
finally ( 2
qK
)
K
=
(1 + ζ
qK
)
K
= · · · =
(1 + ζp−1
qK
)
K
=
( v
qK
)
K
=
( u
qK
)
K
= 1.
By conjugation by sℓ, we get
(
1+ζ
sℓ(qK )
)
K
= 1 for any ℓ 6≡ 0 mod p, thus
(1 + ζ)(q−1)/p ≡ 1 mod q.
Corollary 2.8. Case n = 1: suppose that SFLT2 fails for (p, u, v). If q is a p-principal
prime of order f mod p and q divides u− v then we have:
qf ≡ 1 mod p2 and u(qf−1)/p ≡ v(qf−1)/p ≡ (1 + ζ)(qf−1)/p ≡ 2(qf−1)/p ≡ 1 mod q.
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Proof. Here εk = 1 + ζ
k, M = K and L = Q. The proof is very similar to the case n = p
corollary 2.7 starting here from the relation
(3) u+ ζjv ≡ u(1 + ζj) mod q,
for all j 6≡ 0 mod p (instead of a congruence mod qK), observing that the degree of q
mod p can be here greater than 1. We have NK/Q(1+ ζ) = 1 which implies that
(
u
qK
)
K
= 1
and then u
p+vp
u+v
= wp1 ≡ 2
pup
2u
mod q implies
(
2
qK
)
K
= 1.
Remark 4. Corollaries 2.7 and 2.8 imply that all the p-principal primes q dividing up− vp
satisfy qf ≡ 1 mod p2, which brings a new generalization of the second Furtwa¨ngler’s
theorem in SFLT2 context obtained for the only primes q dividing u−v in [GQ] cor. 2.16.
In the other hand, the fact that (1 + ζ)
qf−1
p ≡ 1 mod q for all q | up − vp is new.
2.2.2 The two cases n = 2p and n = 2
The reunion of these two corollaries of the theorem 2.3 allows us to investigate all the p-
principal primes q dividing up+ vp at the core of the SFLT2 equation. We need to modify
slightly the method to take into account the only values k with qK co-prime with u+ ζ
kv.
Corollary 2.9. Case n = 2p : suppose that SFLT2 fails for (p, u, v). If q is a p-principal
prime dividing u
p+vp
u+v
then
q ≡ 1 mod p2 and (1− ζ) q−1p ≡ p− q−1p ≡ u− q−1p ≡ v− q−1p mod q.
Proof. Here, we have M = K = L and ξ = −ζ which implies that v ≡ −ζu mod q = qK ,
thus
sk(u+ ζv) = u+ ζ
kv = sk(γ) ≡ u(1− ζk+1) mod q, k = 1, . . . p− 2.
We obtain
(
u
qK
)
K
(
1−ζk+1
qK
)
K
= 1, for k 6≡ p− 1 mod p from lemma 2.2, therefore (1−ζ2
qK
)
K
=(
1−ζp−2
qK
)
K
, so
(
ζ
qK
)
K
= 1 and q ≡ 1 mod p2, which implies that (1−ζ
qK
)
K
=
(
1−ζp−1
qK
)
K
.
Gathering these results, we get
(1− ζ
qK
)
K
= · · · =
(1− ζp−1
qK
)
K
,
by multiplication we get
(
up−1
qK
)
K
(
p
qK
)
K
= 1 and finally:
( u
qK
)
K
=
( v
qK
)
K
=
( p
qK
)
K
=
(1− ζj
qK
)
−1
K
, for all j 6≡ 0 mod p.
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We get
( (1−ζj)p
qK
)
K
= 1 for all j 6≡ 0 mod p, so ((1 − ζ)p) q−1p ≡ 1 mod q and finally
(1− ζ)(q−1)/p ≡ p− q−1p mod q.
Corollary 2.10. Case n = 2: suppose that SFLT2 fails for (p, u, v). If q is a p-principal
prime dividing u+ v of degree f mod p then
qf ≡ 1 mod p2 and (1− ζ) q
f
−1
p ≡ p− q
f
−1
p ≡ u− q
f
−1
p mod q ≡ v− q
f
−1
p mod q.
Proof. Here, εj = 1 − ζj for j 6≡ 0 mod p, M = K and L = Q. In that case, we get(
u
qK
)
K
(
1−ζj
qK
)
K
= 1 for all j 6≡ 0 mod p. The end of the proof is similar to that of corollary
2.9.
Remark 5. Corollaries 2.9 and 2.10 imply that all the p-principal primes q dividing up+vp
satisfy qf ≡ 1 mod p2, which brings a generalization of the first Furtwa¨ngler’s theorem in
the SFLT2 context obtained for the only primes q dividing u + v in [GQ] cor. 2.15. In
the other hand, the fact that (1 − ζ) q
f
−1
p ≡ p− q
f
−1
p mod q for the primes dividing up + vp
is new.
2.3 The case u+ ζv 6∈ K×p
In this subsection, we assume that SFLT2 fails for (p, u, v) with p | v and u+ζv 6∈ K×p.
It follows that p is irregular, if not the p-primary pseudo-unit u+ ζv should belong to K×p,
see for instance Gras [Gr2] thm 2.2.
Lemma 2.11. Let q 6= p be a prime number and qK any prime ideal of ZK over q. If q
divides u (resp v) then
(
v
qK
)
K
= 1 (resp.
(
u
qK
)
K
= 1).
Proof. We have NK/Q(u+ vζ) =
up+vp
u+v
= wp1, where NK/Q(w1) = w1; so q | v implies that
up−1 ≡ wp1 (mod q), which leads to
(
u
qK
)
K
= 1. Similar proof starting from q | u.
Let S be a finite set of non p-principal primes q such that the set of p-classes cℓ(qK) ∈ Cℓ
of the prime ideals qK of K over q generates the p-elementary p-class group Cℓ[p] of K. Let
us note Qp the greatest prime q ∈ S. Let the Minkowski Bound of K given by
Bp :=
(4
π
)(p−1)/2 (p− 1)!
(p− 1)p−1
√
pp−2.
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With these definitions, we can always choose a set S such that Qp be smallest possible with
Qp ≤ Bp. Under the General Riemann Hypothesis GRH, we know that the whole ideal
class group of K is generated by the set of prime ideals l with
(4) NK/Q(l) < B := 12(log ∆K)
2,
where ∆K is the absolute discriminant of K (see [BDF]). Under GRH, we have generally
Qp ≪ Bp (where here ≪ means very small compare to) as soon as p is large.
Lemma 2.12. Suppose that u + ζv /∈ K×p. Then there exists at least one prime q ∈ S
such that uv 6≡ 0 (mod q).
Proof. Let γ be a pth root of u + ζv, γ := p
√
u+ ζv. Let H1 be the p-elementary Hilbert
class field of K (so that Gal(H1/K) ≃ Cℓ[p]). Let N1 be a subextension of H1 such that
H1 is the direct compositum of N1 and K( p
√
γ) over K.
Therefore there exists at least one prime q ∈ S such that the Frobenius of all the prime
ideals qK over q in H1/K are of order p and fix N1, so that their restriction to K( p
√
γ)/K
are of order p. Thus
(
u+ζv
qK
)
K
6= 1.
(i) If q | v, we get a contradiction with lemma 2.11, so v 6≡ 0 mod q.
(ii) If q | u we have (u+ζv
qK
)
K
=
(
ζv
qK
)
K
=
(
ζ
qK
)
K
because
(
v
qK
)
K
= 1 from Lemma 2.11,
thus
(
u+ζv
qK
)
K
= 1 since κ ≡ 0 (mod p) from the first Furtwangler’s theorem for SFLT (see
[GQ, Corollary 2.15]), which brings also a contradiction with
(
u+ζv
qK
)
K
6= 1. Therefore u 6≡ 0
(mod q).
Definition 5. For a definition of the character of Teichmu¨ller ω of Gal(K/Q), see for
instance [GQ] definition 2.8. Let us consider the characters χi = ω
i, 1 ≤ i ≤ p− 1. Let E
be the group of p-primary pseudo-units of K seen as a Fp[g]-module, and the χi-components
Ei := Eeχi of E . The components Ei are not all trivial because p is irregular.
Theorem 2.13. Suppose that SFLT2 fails for (p, u, v) with u + ζv 6∈ K×p. Then p is
irregular and there exists at least one non p-principal prime q ∈ S such that:
1. We have q 6 | uv.
2. n being the order of v
u
mod q, ξ := e
2πi
n , q the prime ideal (uξ − v, q) of Z[ξ] over q,
we have (ζ−km(1 + ξζk)
ζ−1(1 + ξζ)
) qf−1
p ≡ 1 mod q for k = 1, . . . , p− 2,
for a certain m ∈ (Z/pZ)×.
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Proof.
1. p is irregular as seen above. From lemma 2.12 it is possible to choose q ∈ S with
uv 6≡ 0 mod p.
2. The pseudo-unit γ = p
√
u+ ζv is not a pth power, hence in the decomposition γ =∏
χi
γeχi on the p-1 characters χi, i = 1, . . . , p − 1, there exists at least one i = m
such that the pseudo-unit γeχm be not a p-power. Let us name γm this idempotent.
γm is a p-primary pseudo-unit; from Hilbert’s class field theory and lemma 2.12
applied with H1 and γm, it is possible to choose one qK ∈ S such that
(γm
qK
)
K
= ζwm with wm 6≡ 0 mod p and
( γi
qK
)
K
= 1 for all i 6= m.
3. Here the extension M( p
√
γm) is Galois on Q because its Galois group acts in letting
globally unvarying the radical, when raising to a power prime to p, by use of the
idempotent. We can always change qK in acting by conjugation to obtain wm = 1
and so ( γ
qK
)
K
=
(γm
qK
)
K
= ζ.
4. From sk(γ) = u+ ζ
kv for k = 1, . . . , p− 2 and uξ − v ≡ 0 mod q we get
sk(γ) ≡ uεk mod q,
where εk = 1 + ξζ
k, so, as in lemma 2.2, sk(γ) ≡ uεk mod Q for all Q over q and
(sk(γ)
qK
)
K
=
(uεk
Q
)
M
=
(sk(γm)
qK
)
K
= ζk
m
because γm is an idempotent, so
(u(1 + ξζk)
Q
)
M
= ζk
m
,
and also (u(1 + ξζ)
Q
)
M
= ζ,
which leads to
(ζ−km(1 + ξζk)
ζ−1(1 + ξζ)
) qf−1
p ≡ 1 mod q for k = 1, . . . , p− 1.
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This theorem leads us to set the following criterion depending only on p 8 to reduce the
SFLT2 equation to the form u+ ζv ∈ K×p for the irregular prime p:
Corollary 2.14. Let p be an odd irregular prime. Assume that SFLT2 fails for p and that
there is no integer 1 ≤ m ≤ p − 1, no prime q in Z[ξq−1] over a prime q ∈ S with ξq−1 a
(q − 1)th primitive root of unity such that
(ζ−km(1 + ξq−1ζk)
ζ−1(1 + ξq−1ζ)
) qf−1
p ≡ 1 mod q for k = 1, . . . , p− 2.
Then the solution(s) of the SFLT2 equation take(s) the reduced form u+ ζv ∈ K×p.
Remark 6. Suppose, as an example, that SFLT2 fails for p and that p‖CℓK class group of
K, which implies that Card(S) = 1. Under GRH, from [BDF], the definition of S should
imply that Qp < 12(p− 2)2(log p)2. For one q ∈ S, the probability estimate P that q split
totally in the Kummer extension
M
(
p
√
< ((1 + ξζk)ζ−km)/((1 + ξζ)ζ−1) >k=1,...,p−2
)
/M,
of degree pδ are P ≤ Qp
pδ
, because φ(q) ≤ Qp for q ∈ S. Note that often, and perhaps for
all irregular primes p > 103, we have δ > p
4
and, under GRH, we have Qp < p
3, so
P < 1
p
p
4
−3
.
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